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general model of an oblate atmosphere to deduce the oblateness e and equatorial 
radius a0 of  Neptune at the 1-/zbar pressure level, and the position angle P. of the 
projected spin axis. The results are e = 0.0209 ± 0.0014, a0 = 25269 ± 10 km, Pa = 
20.1 ° ± 1% Parameters derived from fitting to the limb data alone are in excellent 
agreement with parameters derived from fitting to central flash data alone (E. 
Lellouch, W. B. Hubbard, B. Sicardy, F. Vilas, and P. Bouchet, 1986, Nature 324, 
227-231), and the principal remaining source of uncertainty appears to be the 
Neptune-centered declination of the Earth at the time of occultation. As an 
alternative to the methane absorption model proposed by Leilouch et al., we explain 
an observed reduction in the central flash intensity by a decrease in temperature 
from 150 to 135°K as the pressure rises from I to 400 pbar. Implications of the 
oblateness results for Neptune interior models are briefly discussed. © 1987 Academic 
Press, Inc. 

INTRODUCTION 

The occultat ion by Neptune on 1985 
August  20 of  star 39 on the prediction list of  
Nicholson,  Mat thews,  and Gilmore (P. 
Nicholson,  K. Mat thews,  and G. Gilmore 
1985, pr ivate  communicat ion)  yielded data 
at higher signal/noise (S/N ~ 100 at 0.1-sec 
time resolution, for  the Chile observat ions)  
than for  any previous Ear th-based stellar 
occultat ion by a planet. Observat ions  were 
successfully obtained at six stations, which 
are listed in Table I. All of  the exper iments  
were  carried out at K-band (2.2/zm), except  
for the Lowell  experiment ,  where  data 
were taken at 0.8 tzm. 

In Table I, CTIO denotes  Cerro Tololo 
In ter -Amer ican  Observa to ry  at La  Serena, 
Chile; ESO denotes  European  Southern 
Observa to ry  at L a  Silla, Chile; I R T F  de- 
notes the N A S A  Infrared Telescope Facil- 

ity at Mauna  Kea ,  Hawaii ;  C F H T  denotes 
the C a n a d a - F r a n c e - H a w a i i  Telescope at 
Mauna  Kea ;  Lowell  denotes  the Perkins 
telescope at Lowell  Observa tory ;  and Mr. 
Wilson denotes  the 0.6-m telescope at Mt. 
Wilson Observa tory ,  California. All of  the 
stations successfully observed  both immer- 
sion and emersion.  In addition, CTIO and 
ESO observed  the enhanced stellar signal 
near  midoccultat ion produced by global fo- 
cusing by Neptune  (Lellouch e t  a l .  1986, 
Paper  I ) - - t h e  so-called central flash. 

Paper  I derived the oblateness  of  Nep- 
tune e and the t ransmission factor  for the 
Neptune  a tmosphere  at the level probed by 
the central flash by fitting the central flash 
data with a model of  an oblate,  isothermal 
a tmosphere  with scale height Hr. The pa- 
rameters  of  the model  of  Paper  I were e, the 
scale height at the level probed by the 
central  flash Hf (the ratio of  Hf  to the true 

TABLE I 

STATION DATA 

Station Observer(s) Latitude East Altitude Aperture 
longitude (m) (m) 

CTIO Vilas -30009'56.3" -70048'54.5 " 2225 1.5 
ESO Bouchet -29°15'21.0" -70°43'53.7 " 2347 1.0 
IRTF Elias 19°49'34.0" -155°28'15.0 " 4100 3.0 
CFHT Sicardy et al. 19°49'41.9 " -155°28'18.0 " 4204 3.6 
Mt. Wilson Matthews 34°12'59.5" -118°03'34.95" 1742 0.6 
Lowell Millis 35o05'48.6 " - 111°32'09.Y ' 2198 1.8 

Note:  IRTF and CFHT coordinates are from the respective observer's manuals. Their 
relative positions contain errors which are negligible for the purposes of this paper. 
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scale height at the central flash level is 
equivalent to the transmission factor), the 
coordinates x0, Y0 of the projected geometri- 
cal center of Neptune in the sky plane, and 
the projected position angle of Neptune's 
north pole in the sky plane, Pn. The model 
was also dependent on the equatorial radius 
of Neptune a0 and the Neptune-centered 
declination of the Earth, fie, but these pa- 
rameters could be described in advance as 
the model was very insensitive to a0, while 
the dependence o n  ~3 e could be scaled from 
the derived value of e. 

The objective of this paper is to carry out 
a solution for the full set of parameters e, 
x0, Y0, Pn, and a0 by simultaneously fitting to 
the limb profile of Neptune as defined by 
the immersion and emersion occultation 
data, as well as to the central flash intensity 
pattern observed at ESO and CTIO. We 
also derive a mean atmospheric tempera- 
ture profile in the pressure range covered 
by the data which is consistent with the 
observations. Comparison of the results 
from separate fits to the limb profile and to 
the central flash pattern provides a further 
consistency check and test of the adequacy 
of the model. The two separate fitting pro- 
cedures are partially overlapping and par- 
tially complementary. Thus, the limb pro- 
file strongly constrains e, x0, Y0, and a0 (as 
well as 11o, the scale height at the 1-/xbar 
pressure level), but is insensitive to pn and 
independent of Hf. The central flash inten- 
sity pattern, as measured at the two sta- 
tions, strongly constrains e, x0, Y0, He, and 
pn, but is insensitive to a0. Neither fitting 
procedure provides a meaningful constraint 
on/3e, which must be derived from indepen- 
dent information. 

IMMERSION AND EMERSION TIMINGS 

The limb profile of Neptune was com- 
puted from the calculated times of half 
intensity of the star signal as observed from 
each station. The procedure for computing 
the half-intensity times at CTIO and ESO 
was as follows. First, a polynomial in time t 
was fitted to the combined star and planet 
signal over the entire night's observations, 

excluding the interval of actual stellar oc- 
cultation by the planet. Then, the planetary 
fraction of this combined signal was es- 
timated from the depth of the occultation 
and used to construct a preliminary stellar 
signal normalized to the unocculted value, 
~b(t). This signal was compared with the 
central flash data, and the planetary back- 
ground signal was adjusted for self- 
consistency with the central flash data. 
Then this planetary background signal was 
used to renormalize the stellar signal once 
again. The resulting normalized stellar sig- 
nal ~b(t) was then fitted with a Baum-Code 
function thBc(t) to derive the parameters tl/2 
and v~/Ho, where hi2 is the time at which 
the average stellar signal reaches one-half 
of its unocculted value (~b = ½), and v:/Ho is 
the ratio of the component of the star's 
velocity in the sky plane perpendicular to 
the planetary limb (and into the shadow) to 
the scale height H0 at the immersion/emer- 
sion level (which may differ from the scale 
height Hf at the level which forms the 
central flash, some 250-300 km deeper in 
Neptune's atmosphere). 

Half-intensity times at the other stations, 
for which central flash data were not avail- 
able, were for the most part obtained using 
similar procedures. However, the unoc- 
culted and "fully occulted" levels were 
derived by suitable averages of intervals 
where the combined star and background 
signals were essentially constant. Further 
discussion of possible problems with this 
procedure is given below. IRTF half- 
intensity times were determined by a simul- 
taneous four-parameter fit to H0, tl/2, 
planet-only signal, and star-only signal. Mt. 
Wilson times were estimated by eye from a 
strip chart. 

Table II presents half-intensity times at 
the six stations. Also tabulated, for CTIO 
and ESO only, are the times of peak central 
flash. The central flash times at CTIO and 
ESO were determined by fitting a Gaussian 
profile to the data in the immediate vicinity 
of the central flash maximum intensity, and 
not from a general fit to the overall central 
intensity profile. 
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T A B L E  I1 

TIMES OF IMMERSION AND EMERSION (HALF 

INTENSITY) AND PEAK CENTRAL FLASH 

Stat ion Immersion Central flash Emersion 

CTIO 5h17m31s7 + 0s2 5h55m2172 + 0s2 6h34m59~9 + 0s2 
ESO 5h17m26.s8 ± 0s2 5h55m19Sl ± 0s2 6h34m55.~4 ± 072 
IRTF 5h28m17s7 + 0s2 6h41m16s6 ± 0s2 
CFHT 5h28m16s7 + 0.s2 6h41m17~6 + 0s2 
Mr. Wilson 5h23m05 s ± 5 s 6h36m17s + 5 s 
Lowell 5h22m1874 ± 1~2 6h35m43s9 + 1~2 

To compute the corresponding occulta- 
tion points on the sky plane, we con- 
structed a Cartesian coordinate system, 
with x representing the east-west com- 
ponent of an occultation point's separation 
from the ephemeris center of Neptune (with 
x increasing to the east) and y the north- 
south component (with y increasing to the 
north). The procedure for computing the 
location of the occultation tracks in the sky 
plane is described (for example) in Hubbard 
et al. (1985). The ephemeris of apparent 
positions for Neptune was kindly provided 
by Standish (E. M. Standish, Jr. 1986, 
private communication) and is identical to 
that published in the 1985 Astronomical 
Almanac (corresponding to JPL ephemeris 
DE-120), except that one additional signif- 
icant figure was added to each coordinate to 
reduce interpolation errors to an acceptable 
level. A constant offset x0, y0 in the sky 
plane was then added to Neptune's appar- 
ent ephemeris position in order to bring the 
relative positions of Neptune and the star 

into conformity with the fit to the observa- 
tions. The coordinates x and y were mea- 
sured from the corrected Neptune center in 
the sky plane. 

In order to compare the apparent star 
positions with apparent Neptune ephemeris 
on the J2000 (DE-120) system, the star 
position on the older B1950 system (a19500 
= 18h02m07s.186, 81950.0 = -22°18'10'.'02) 
must be first converted to the newer J2000 
system (Standish 1982). This conversion 
was carried out using the procedures docu- 
mented on page x of the 1985 Astronomical 
Almanac, and then the apparent star posi- 
tions were computed using the Besselian 
day numbers in the same reference. Table 
III gives the resulting apparent geocentric 
star and planet positions for a 5-day interval 
centered on the occultation. 

Comparing the station coordinates for 
IRTF and CFHT (Table I) with the corre- 
sponding half-intensity times for these sta- 
tions given in Table II, we note that the 
derived times are discrepant by 1 sec for 
both immersion and emersion, but the tele- 
scope coordinates are within 300 m of each 
other, which could account for a time dif- 
ference of no more than 0.03 sec. This 
problem was carefully investigated by com- 
paring the arrival times of strong fluctua- 
tions in the stellar intensity ("spikes") at 
the two stations. As would be expected for 
such a small separation, the fluctuations 
correlate in detail between the two stations. 
But arrival time differences (IRTF - 
CFHT) were +0.16 sec for immersion and 

APPARENT GEOCENTRIC 

T A B L E  1II 

POSITIONS OF NEPTUNE AND THE OCCULTED STAR AT O h EPHEMERIS 

TIME ON THE DATES GIVEN (J2000 SYSTEM) 

D a t e  ~ ( N e p t u n e )  8 ( N e p t u n e )  L a (star)  6 (s tar)  

A u g u s t  18 18h4m23.~6712 --22018'0.2400 '' 29.646071179 18h4~16~.4104 --22o18'6.7360 " 

A u g u s t  19 18h4m2&.3501 --22°18'3.0730" 29.659911554 18Mm1613915 --22o18'6.7790 " 

A u g u s t  20 18Mm17H507 -22018 '5 .8800  " 29.673918841 18h4~16~.3719 -22°18 '6 .7931"  

A u g u s t  21 18h4m14.~0766 --22018'8.6640 " 29.688088504 18h4~16~.3539 --22018'6.7792 " 

A u g u s t  22 18h4ml P. 1310 --22°18'11.4320" 29.702415992 18h4"16~.3394 --22°18 '6.7470 " 

Note: L is t rue  g e o c e n t r i c  d i s t ance  to N e p t u n e  in A U .  
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+0.28 sec for emersion, with an uncertainty 
of about 0.04 sec, suggesting a small abso- 
lute timing discrepancy and perhaps also a 
rate discrepancy on the order of a part in 
105. It is likely that errors in CFHT timings 
are primarily responsible for the differ- 
ences, as the IRTF data included timing 
signals from the National Bureau of Stan- 
dards satellite receiver inserted directly at 
the start and end of the data tape. 

The remainder (and more important part) 
of the discrepancy in times appears to be 
attributable to a systematic difference in 
the derived stellar intensities, probably re- 
sulting from differences in derived full- 
intensity and zero-intensity baselines. Near 
half intensity, the derived IRTF intensities 
are systematically larger than those at 
CFHT by 1 and 3% at immersion and 
emersion, respectively, which in turn could 
account for 0.4 and 1.1 sec of the half- 
intensity time differences, respectively, in 
the same sense as the observed residuals. 
There appears to be no unambiguously cor- 
rect resolution of the discrepancies, and so 
the unaltered timings have been used in the 
analysis. This procedure appears to be per- 
missible because of the quality and redun- 
dancy of the entire data set. However, this 
problem provides a warning that even with 
occultation data of the excellent quality 
available here, unavoidable systematic er- 
rors in lightcurve normalizations may lead 
to true uncertainties in half-intensity times 
which exceed by a substantial factor the 
formal uncertainties resulting from light- 
curve fits. 

SOLUTIONS AND PROCEDURES 

Solutions 1 and 2 

Our preferred solution, which is based on 
a simultaneous fit to the central flash data 
(ESO and CTIO) and the immersion/emer- 
sion data at three stations (ESO, CTIO, and 
CFHT) is denoted as solution 1. This solu- 
tion makes use of the high-quality ESO and 
CTIO data sets which cover chords with a 
closest-approach distance approximately 

1100 km south of the shadow center, to- 
gether with the CFHT data set which 
covers a chord with a closest-approach 
distance 5900 km north of the center (the 
IRTF data set is redundant for this chord, 
as explained). Solution 2 fits only to the 
ESO and CTIO central flash data, as in 
Paper I. Solution 3, which calculates the 
best-fit limb profile using only the half- 
intensity times from all six stations, is pre- 
sented in the next subsection. 

Solution 1 makes no use of the half- 
intensity times presented in Table II. In- 
stead, the solution yields model lightcurves 
which simultaneously fit the central flash 
occultation data and the limb occultation 
data. The parameters of the model are the 
corrections to adopted background levels 
for ESO, CTIO, and CFHT, the previously 
defined parameters e, x0, y0, Pn, n 0 ,  a0, and 
a new parameter y, which represents a 
linear correction to the model lightcurve for 
a constant scale height, and which is in, 
tended to represent the effects of tempera- 
ture varying with altitude. That is, if we let 
~bBC(~) be the Baum-Code function for a 
displacement ~ in the shadow plane, where 

(=v±[t - tl/2]/Ho near the limb) is the 
observer's distance into the shadow from 
the half-intensity limb in units of H0, then 
the model lightcurve (before corrections for 
focusing due to limb curvature) is assumed 
to be given by 

t~mod = (~BC ( l )  

for ~ < 0, and by 

t~mod = (~BC(1 -- 'y~) (2) 

for g -> 0. For very small y, as we derive 
here (y = 6 x 10-4), the model lightcurve 
near the limb is essentially identical to the 
Baum-Code lightcurve. But near the shad- 
ow's center, where ~ - 500, the intensity is 
reduced by about 30% with respect to the 
Baum-Code value, as is strongly required 
by the data set (see Paper I). Once 3J has 
been derived, the final step is to invert the 
lightcurve thmoa to obtain either a tempera- 
ture profile (assuming no absorption) or an 
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absorption profile (assuming constant tem- 
perature).  Paper I presented results for 
possible methane abundances in Neptune ' s  
upper a tmosphere which could yield suffi- 
cient absorption to account  for the reduced 
central flash intensity. In the present  solu- 
tion, we derive instead a temperature pro- 
file corresponding to a model lightcurve of  
the form given by Eq. (2), with no absorp- 
tion along the optical path. 

We found that it was desirable to carry 
out solution 1 using a two-step process.  The 
data sets can be divided into three domains: 
(a) the limb region within about 0.2 a0 from 
the limb; (b) the central flash region within 
about 0.15 a0 from the midpoint of  the data 
(ESO and CTIO only); and (c) the remain- 
ing region where the star signal varies only 
slightly and has an average value (~b) - 8 x 
10 -3. If  a fit is carried out simultaneously to 
all three domains, domain (c) has a dispro- 
port ionate effect in relation to its informa- 
tion content  because of  the large number of 
data points and the relatively low signal/ 
noise ratio. 

We therefore first adopted a preliminary 
set of  parameters  and calculated a model 
stellar intensity function for the three sta- 
tions. The model and data were then com- 
pared in domain (c) and the background 
levels for the three stations were adjusted 
until the average intensity for model and 
data in domain (c) was in agreement for a l l  
data sets. With the background levels held 
constant,  the model parameters were then 
adjusted to achieve a simultaneous least- 
squares best fit in the intensity at all three 
stations for domains (a) and (b). With the 
resulting new parameters,  we then returned 
to the initial procedure  for adjusting the 
background levels, and the iterations pro- 
ceeded until satisfactory convergence was 
achieved. This procedure  required only 
about five iterations for satisfactory con- 
vergence and was quite stable. Table IV 
presents parameters  for solution 1. Note 
that the value of  p ,  (20.1 °) is derived from 
the overall fit to the central intensity pat- 
tern and differs by about one probable error  

T A B L E  I V  

P A R A M E T E R S  O F  S O L U T I O N S  | A N D  2 

Parameter  Solut ion I Solut ion 2 

Apparent  obla teness  
(e'  - e cos2/3e) 0.0172 0.0179 

e (for/3e - - 2 5 . 0  °) 0.0209 0.0218 
x0 +2454 km (Aa = +0.123") 
Y0 --6028 km (AS = 0.280") 
zLr0 21 krn 
Ay 0 19 km 

Pn 20. I ° 20. I ° 
/4O 51.5 krn 
Hf  35 km 

a0 25.269" km 
y 6.2 × I0 a 

a Includes  ray deflection correct ions of  H0 for refraction and 54 krn for 

relativistic bending.  

from the position angle which would be 
calculated from the peak central flash times 
presented in Table II, 19.3 °. The discrep- 
ancy between the two values is consistent 
with the probable error  assigned to pn. 
Because the central flash observed at the 
two stations defines an "optical  axis"  
which virtually coincides with the planet 's 
projected rotation axis, two-station obser- 
vations of  the flash close to the central 
evolute pattern provide a much more sensi- 
tive determination of  Pn than observations 
of  the limb profile alone. 

In all three solutions presented in this 
paper  (1, 2, and 3), the projected outline of  
Neptune on the plane of  the sky is taken to 
be an ellipse with semimajor axis a0 and 
semiminor axis a0(l - e'), where the appar- 
ent oblateness e'  is related to the true 
oblateness e by e' = e cos2/3e. This equation 
is valid to order  e; neglect of  terms of  order 
e ~ is justified because of  the smallness of e, 
because the figure of  Neptune  is not an 
ellipse to order  e z, and because a simple 
linear relation between e and e'  eliminates 
the need for assumptions about the internal 
structure of  Neptune  in obtaining the "de-  
p ro jec ted"  oblateness of  the planet. The 
semimajor and semiminor dimensions of 
Neptune ' s  shadow are taken to be equal to 
a0 and a0(1 - e'), respectively,  reduced by 
the scale height H0 and the general-rel- 
ativistic deflection of  54 kin. 
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FIG. 1. Norma l i zed  stel lar intensit ies computed 
f rom solut ion 1 (smooth cont inuous curves) compared 
with data, at ESO and CTIO, in the region of the 
central flash. 

O.I 

, t T 0.2 

-0.3 -0.2 -0.1 0 OA 0.2 0.3 

- xt/ao 

FIG. 2. Normalized stellar intensities computed 
from solution 2 (smooth continuous curves) compared 
with data, at ESO and CTIO, in the region of the 
central flash. 

Figure 1 shows plots of model intensities 
from solution 1 and data in the vicinity of 
the central flash. The abscissa (x'/ao) is 
defined such that x' represents the Cartesian 
coordinate of a station on the sky plane 
along a track parallel to the mean ESO and 
CTIO tracks, with the origin of the x', y' 
coordinate system at the center of the 
planet. Thus x' = 0 when a station makes 
its closest approach to the center. The x', y' 
axes are rotated to the west (i.e., to a 
negative position angle) with respect to the 
celestial x, y axes by 2.91 °. The x' axis 
increases to the east. 

Solution 2 is essentially a repetition of 
the solution presented in Paper I, but with 
some of the parameters and procedures 
adjusted slightly for consistency with the 
other two solutions of this paper. For this 
solution, we carried out a simultaneous 
least-squares fit to the ESO and CTIO 
central flash data in the region of the central 
flash, that is, for points on the chords which 
are within 0.3 a0 of the planet's center. The 
ESO and CTIO background levels and the 
planetary radius determined in solution 1 
(reduced by 300 km) were used in solution 
2. As in Paper I, the Baum-Code model 
lightcurve corresponding to a constant 
scale height He was used without modifica- 
tion to compute the central flash profile. 

The adjustable parameters of solution 2 
were thus e, Ax0, Ayo, p , ,  and Hf, where 
Ax0, Ay0 are the additional corrections to 
the position of the planetary center, to be 
added to the values x0, y0 obtained from 
solution 1 (Table IV). Results from this 
procedure are presented in Table IV, and 
Fig. 2 shows a plot of the best-fit model 
intensities and the data, analogous to Fig. 
I. Note that solution 2 fits the peak central 
flash intensity better than solution l, as 
would be expected since solution 2 makes 
no attempt to fit the limb data, but it 
otherwise differs insignificantly from solu- 
tion 1. 

Figure 3 shows a possible profile of tem- 
perature versus altitude in the Neptune 
atmosphere. This profile is obtained by 
applying standard inversion techniques to 
the model intensity profile given by Eq. (2), 
with the value of y given in Table IV. Note 
that although the model intensity profile has 
an intensity which is reduced by about 30% 
with respect to the Baum-Code value deep 
in the occultation, the corresponding tem- 
perature reduction is much more modest. 
Figure 4 shows the temperature-pressure 
profile in Neptune's atmosphere. These 
profiles are not true inversions of the inten- 
sity data, and their details are sensitive to 
the precise form of q~mod. They are intended 



642 HUBBARD ET AL. 

t o o  

0 

.~ - I 0 0  
->_ 

-200 

300 

tO0 J ~ I 1 5 0  

TiK) 
200 

FIG. 3. Variation of temperature T with altitude Y" 
above the half-intensity (1-/xbar) level, as obtained 
from inverting Eq. (2). Different curves show the 
effects of arbitrary assumptions about the temperature 
at the starting level for the inversion and above that 
level. 

only to show that the overall central flash 
intensity can be reduced by the required 
amount with a plausible temperature distri- 
bution. We have experimented with an al- 
ternative version of ~bmoa, which has a step 
function that drops the intensity by 30% 
deep in the occultation. The alternative 
model yields a mean temperature profile 
which differs in its details from that in Fig. 
4, but the deepest point (corresponding to 
the central flash region) again passes close 
to the values shown at the bottom of Fig. 4: 
T = 135°K at a pressure of 370 /xbar, 
indicating that this point is reasonably 
model independent. 

A recent model of Neptune's atmo- 
sphere, based on observations of the disk at 
7-14 and 17-23 /xm (Orton et al. 1987), 
obtains results which are very similar to 
those presented in Figs. 3 and 4. Specifi- 
cally, the Orton et  al. atmospheric model 
has a temperature of 144°K at 1/xbar pres- 
sure, with a temperature decline to 138°K at 
400 txbar, 277 km deeper. However, the 
model of Orton et al. assumes that the 
methane mixing ratio in the stratosphere is 
in local saturation equilibrium, unaffected 
by a possible tropopause cold trap, and is 
therefore equal to 2% in the central flash- 
forming region. On the other hand, our 

inversion of the model intensity profile as- 
sumes no opacity due to methane absorp- 
tion, whereas Lellouch et  al. (1986) attrib- 
uted the 30% decrease in mean central 
flash intensity ent ire ly  to methane absorp- 
tion, and for an isothermal model atmo- 
sphere (T = 150°K throughout), this would 
require a I% methane mixing ratio. It 
seems that the correct model lies some- 
where between these extremes; the temper- 
ature distribution could be similar to that of 
the model of Orton et  al.,  but the methane 
mixing ratio must then be smaller than I%, 
so that methane opacity is not significant 
for the mean central flash intensity. It will 
eventually be desirable to combine the oc- 
cultation-derived constraints on Neptune's 
stratosphere with other ground-based and 
spacecraft-based constraints to obtain a 
fully consistent model for Neptune's atmo- 
sphere. 

Table V gives calculated sky-plane coor- 
dinates for immersion and emersion points, 
and corresponding values of tl/2, as ob- 
tained from solution 1. These results are 
given for comparison with solution 3 and 
with Table II. 

Solu t ion  3 

Table VI gives the coordinates on the sky 
plane corresponding to the times given in 
Table II. These coordinates are measured 
with respect to the corrected Neptune cen- 

-3 

- -  - 2  
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FIG. 4. Variation of T with pressure, as obtained 
from inverting Eq. (2). 
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T A B L E  V 

PREDICTED HALF-INTENSITY TIMES AND 
CORRESPONDING SKY-PLANE COORDINATES WITH 

RESPECT TO NEPTUNE'S CENTER (NOT CORRECTED 
FOR REFRACTIVE AND RELATIVISTIC BENDING), 

FROM SOLUTION 1 

Event x (km) y (km) tv2 (UTC) 

CTIO im. -24,965 -2412  5h17m32~.0 
CTIO era. 25,109 141 6h35m00~.4 
ESO im. -24 ,974 -2329  5h17m26s5 

ESO em. 25,108 218 6h34m55~.5 

CFHT im. -24 ,777 4315 5"28m 16~.4 
CFHT era. 23,865 7453 6h41m16~.9 

ter coordinates (x0, y0) obtained from solu- 
tion 1 (Table IV). 

We carried out two versions of solution 
3. In the first version, all of the points in 
Table VI were given equal weight. In the 
second version, points were given weights 
inversely proportional to the square of the 
timing uncertainties given in Table II. In 
both cases, the adjusted parameters were e, 

Ax0, Ay0, and a0, and p,  was held fixed at 
the value for solution 1 (20.1°). Results for 
solution 3, together with radial residuals Ar 
(observed - calculated), are given in Table 
VII.  

An entirely independent astrometric so- 
lution to the limb data, which omitted the 
Mt. Wilson timings, yielded the results a0 = 
23259 -_+ 6 kin, e = 0.0191 --+ 0.0012, consis- 
tent with solution 3 (unequal weight ver- 
sion). After repeating the solution using 
Harris' nominal pole (Pn = 22-9°; see be- 
low), the equatorial radius increased by 8 
km, while e decreased to 0.0176 + 0.0012. 
Thus the constraint on Pn comes from the 
central flash data alone, while the limb- 
derived e is quite sensitive to pn. 

D I S C U S S I O N  

Uncertaint ies  

We find, consistent with the results of 
Lellouch et al., that the inferred scale 
height at the flash level Hf corresponds to a 

T A B L E  VI 

COORDINATES OF POINTS ON SKY PLANE 

(UNCORRECTED FOR REFRACTION OR RELATIVISTIC 
RAY BENDING) 

Station x (km) y (kin) 

CTIO 
immersion -24 ,968 -2413 
central flash -431  - 1158 
emersion 25,104 141 

ESO 
immersion - 24,972 - 2329 
central flash - 4 0 2  - 1077 
emersion 25,107 218 

IRTF 
immersion - 24,763 4315 

emersion 23,861 7452 

C F H T  
immersion - 24,773 4315 
emersion 23,872 7453 

Mt. Wilson 
immersion -24 ,632  5098 
emersion 23,710 7845 

Lowell 
immersion -24 ,619  5034 
emersion 23,757 7733 

T A B L E  VII 

PARAMETERS OF SOLUTION 3 

Parameter 

Equal weights Unequal weights 

Value Value 

e 0.0204 0.0195 

Ax0 + 1 km 0 km 
Ay0 --29 km - 1 3  km 
a0 25,263 km 25,260 km 

Station Ar (km) Ar (km) 

CTIO im 2.4 2.4 
CTIO em. - 2 . 5  - 1.9 
ESO im. - 2 . 4  - 2 . 4  
ESO em. 1.5 1.9 
IRTF im. - 3 . 5  - 4 . 7  

IRTF em. 3.9 - 5 . 2  
C F H T  im. 6.4 5.2 
CFHT era. 14.6 5.6 
Mt. Wilson im. 11.4 9.9 
Mt. Wilson em. - 12.8 - 2 2 . 4  
Lowell im. - 14.2 - 15.7 
Lowell em. - 4 . 6  - 14.1 
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temperature  of  about 100°K at a pressure of  
240 /xbar. However ,  when allowance is 
made for the existence of  a temperature 
gradient between the half-intensity region 
and the central flash region, the inferred 
scale height Hf actually corresponds to a 
temperature  of  about  135°K at a pressure of  
about 370/zbar. If  the actual temperature at 
this level is higher, then the transmission 
would need to be reduced from unity. But 
assuming no absorption along the optical 
path, the deepest  inferred temperature and 
pressure point is in reasonable agreement 
with Appleby 's  (1986) Neptune  model at- 
mosphere.  At the half-intensity points on 
the limb, the region probed by the rays has 
a scale height H0 of  51 -+ 4 km (average of  
results from fitting to immersion/emersion 
profiles), .corresponding to a temperature of 
150°K for solar-composition gas. The cor- 
responding pressure is 1.0/xbar. Table VII 
presents the oblateness e at this level in the 
atmosphere.  Strictly speaking, in fitting a 
general model,  allowance should be made 
for the variation of  e with depth. We es- 
timate the altitude difference between the 
I- and the 400-/zbar level to be approxi- 
mately 300 km, or 0.012 in units of a0. If we 
let 

d l n  e 
(3) 

~ =  d l n r '  

where r is the radius in units of a0, then the 
surface value of ,; is given by hydrostatic- 
equilibrium theory (Zharkov and Trubitsyn 
1978), assuming a constant rotation rate: 

15J2 
. . . .  (4) 3 2 e '  

where J2 = 0.004 (Harris 1984) is the sec- 
ond-degree zonal harmonic of  Neptune 's  
gravity field. Employing Eq. (4), we find the 
oblateness at the flash level ee = 0.982 e, 
where e is the oblateness at the l -~bar  
level. The intensity pattern in the central 
flash (solution 3) is primarily sensitive to ef 
rather than to e. But comparing solution 3 
(central flash fit only) with solution 2 (limb 

fit only), we find that, formally, ef > e. This 
discrepancy could be indicative of  errors in 
the fitting procedure,  ultimately traceable 
to deviations of  the atmosphere from a state 
of  perfect  hydrostat ic equilibrium. Such 
deviations could be local density irregulari- 
ties which lead to redistribution of light in 
the shadow pattern (scint i l lat ion--see Hub- 
bard et al. 1988), or they could be due to 
variations on a larger scale, such as a higher 
average scale height at the pole than at the 
equator.  

Solution 1, which fits simultaneously to 
limb data and central flash data, should 
represent  the best compromise between the 
various analyses presented here. Error  bars 
in derived quantities, which are quoted in 
the abstract,  are estimated from the differ- 
ences between the various solutions. 

Using the nominal Neptune  pole position 
at the time of the occultation, computed 
from Harris '  (1984) paper, we obtain pn = 
22.9 ° and /3~ = -2 5 .0  °. This position as- 
sumes that the angle e between Neptune 's  
rotation vector  and the angular momentum 
vector  of  the Nep tune -Tr i ton  system is 
- 3 . 6  °. If  e is taken to be zero, correspond- 
ing to negligible Triton mass, then Harris '  
ephemeris gives Pn = 21.6 °, Be = -21.7°.  
According to the results given in Table IV, 
the best-fit value of  p ,  from solution 1 is 
20.1 ° . Considering that the error  in the 
predicted pole position (for fixed Triton 
mass) is about --+ 1.5 °, this result is close to 
satisfactory agreement with Harris '  pole 
position for zero Triton mass. However ,  we 
cannot thereby conclude that Tri ton 's  mass 
is much smaller than the nominal value 
since we have no constraint on /3e. 
Throughout  this paper  we use the value of 
Be corresponding to the nominal Harris 
ephemeris,  i.e., Be = --25"0°,  although the 
value o f p ,  is adjusted to fit the central flash 
intensities and times observed at ESO and 
CTIO. The values of  e given in Tables IV 
and VII and elsewhere in this paper thus 
correspond to Be = -25.0°.  To within er- 
rors of  order  e ~, the inferred oblateness 
scales as (cos/30 2. Thus if/3e were revised 
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to -21 .7  ° from - 25 .0  °, values of  e given in 
this paper  would have to be reduced by 5%. 

The values of  a0 given in Tables IV and 
VII and elsewhere in this paper include a 
correct ion of + 105 km for refractive and 
general-relativistic bending of the rays 
(Hubbard et al. 1985). 

The principal test of  consistency in our 
data set is the comparison of  the parame- 
ters e and zkx0, Ay0 as derived from the three 
solutions. The discrepancy in the e 's is less 
than or equal to 7%, in agreement with the 
error  bars assigned in Paper I and here. 
Similarly, the discrepancies in the derived 
centers of Neptune  are about one scale 
height or smaller. Thus we conclude that 
the data set from the 1985 August 20 occul- 
tation are fully self-consistent and are ade- 
quately represented by the model. 

Comparison with Previous Solutions 

In this section, we compare  the present 
results with those obtained from the 1983 
June 15 Neptune  occultat ion by Hubbard et 
al. (1985; H85) and by French et al. (1985; 
F85). In order  to compare  the results of  this 
paper with previous investigations, we 
must adopt a consistent  Neptune  pole posi- 
tion for both the 1983 and 1985 observa- 
tions. For  this purpose,  we assume that 
Harris '  (1984) ephemeris with e = - 3 . 6  ° 
gives the correct  value of/3~, but that the 
predicted value of pn must be reduced by 
- 2  °. Then the oblatenesses derived by H85 
and F85 change because of their correlation 
with pn. The revised values of  H85, e = 
0.023 ± 0.004, a0 = 25295 --- 50 km are 
consistent with the results of solution 1. 
The corrected F85 results, which also in- 
corporated data f rom an occultation in 
April 1968, and for which a somewhat 
higher accuracy is claimed, are e = 0.0200 
± 0.0017, a0 = 25255 ± 12 km. These are 
also consistent with solution 1. 

Implications for  Interior Structure 

Is Neptune  far less centrally condensed 
than Uranus,  as claimed by F85? Let  us 
review this question by first computing the 

second-degree response coefficient Az for 
Uranus. This quantity is given by 

where 

A2 = lim Jz/q, (5) 
q~.0 

q = o~2a3o/GM, (6) 

o~ is the planet 's  angular rotation velocity 
(assumed uniform), G is the gravitational 
constant,  and M is the planet 's  mass. In Eq. 
(5), the second-degree zonal harmonic J2 is 
normalized to ao. Neglecting terms of order 
q2, we approximate Eq. (5) by A2 = Jz/q. 
For  Uranus we use ./2 = 3.352 x 10 -3 (Elliot 
1982). For  a rotation period of  16.31 h 
(Goody 1982), we would have q = 0.0355, 
but the recent Voyager  2 measurement  of 
the rotation rate of the deep Uranian inte- 
rior gives a rotation period of  17.24 h (War- 
wick et al. 1986), which implies q = 0.0318, 
and thus A2 = 0.105 for Uranus. Elliot 
(1982) measured the oblateness of Uranus '  
a tmosphere by occultation techniques and 
obtained P = 15.5 h ± 1.3 h, which would 
imply A2 = 0.088 ± 0.014 if we ignore the 
Voyager period. Although the rotation rate 
of  the deep interior determines J2, the rota- 
tion rate of  the atmosphere together with J2 
fixes the oblateness of the atmosphere,  and 
if the two rotation rates are unequal, one 
cannot obtain A2 from the oblateness and .12 
alone. 

For  Neptune we employ the equation 

2e 
Af I - 3, (7) 

J2 

recognizing that it is invalid if the atmo- 
sphere and interior rotate at different rates. 
Taking Harris '  lower bound for J2 and our 
upper bound for e, we obtain A2 = 0.103, 
and thus q = 0.0341 and the rotation period 
P = 14.4 h. I f  we take Harris '  upper bound 
for J2 and our lower bound for e, we obtain 
A2 = 0.183, q = 0.0252, P = 16.9 h. The 
latter values are compatible with the results 
of  F85. 

We conclude that despite improved error  
bars on Neptune ' s  oblateness,  there is still 
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substantial uncertainty in its degree of cen- 
tral condensation as measured by A2. There 
is significant evidence that Neptune is less 
centrally condensed than Uranus, in agree- 
ment with F85, but a definitive resolution 
of this matter must await a determination 
of the rotation period of Neptune's deep 
interior, as would be provided by a mea- 
surement of the rotation period of a mag- 
netosphere. When significant differential 
rotation is present in a planetary atmo- 
sphere, as is apparently the case for Ura- 
nus, the oblateness may differ substantially 
from that corresponding to uniform rota- 
tion, for a fixed value of J2 (Hubbard 1986). 
This may explain the substantial discrep- 
ancy between the Voyager value for Ura- 
nus' deep rotation period and Elliot's and 
Goody's values. It may also account for the 
discrepancy between the rotation period for 
Neptune which we obtain here, P = 15.6 h --- 
1.2 h, and the rotation period of 18.2 h pro- 
posed by Belton et al. (1981). 
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