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Abstract.

We compute the magnetic flux and helicity of an interplanetary flux tube observed
by the spacecraft Wind on October 24-25, 1995. We investigate how model-dependent
are the results by determining the flux-tube orientation using two different methods (min-
imum variance and a simultaneous fit), and three different models: a linear force-free field,
a uniformly twisted field, and a non force-free field with constant current. We have fit-
ted the set of free parameters for the six cases and have found that the two force-free
models fit the data with very similar quality for both methods. Then, both the compa-
rable computed parameters and global quantities, magnetic flux and helicity per unit length,
agree to within 10 % for the two force-free models. These results imply that the mag-
netic flux and helicity of the tube are well-determined quantities, nearly independent of
the model used, provided that the fit to the data is good enough.

1. Introduction

Solar ejecta are transient structures that perturb the so-
lar wind as they move away from the Sun. When expelled
toward the Earth, depending of their orientation and their
magnetic helicity, these objects can trigger significant ge-
omagnetic perturbations as a consequence of reconnection
processes in the terrestrial magnetopause [see e.g., Farrugia
et al., 1997; Gonzalez et al., 1999, and references therein].

In situ observations show that the proton temperature
(Tp) in interplanetary flux tubes is frequently lower than
in the solar wind [see, e.g., Gosling, 1990; Richardson and
Cane, 1995, and references therein]. However, the elec-
tron temperature, Te, is frequently higher than the pro-
ton temperature [Osherovich et al., 1993; Richardson et al.,
1997], and so the electron pressure can play a significant role
in their dynamical magnetic configuration. Interplanetary
magnetic clouds (MCs) form an important subset of solar
ejecta, which are characterized by enhanced magnetic field
strength with respect to ambient values, a large rotation of
the magnetic field vector, and low T, [Burlaga et al., 1981;
Burlaga, 1995]. Although the mean value of the plasma
beta of protons, 8, = 8wnyksT,/B? (where n, is the pro-
ton density, B is the magnetic field intensity, and kp is the
Boltzmann’s constant), in MCs is frequently low (typically
Bp ~ 0.1), values of 8, ~ 0.2 — 0.4 or even higher [see e.g.,
Dasso et al., 2001] have been observed.
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Magnetic helicity characterizes how magnetic field lines
are twisted around each other [see, e.g., Berger and Field,
1984]. It plays a very important role in the frame of MHD
theory because it is almost conserved, even in resistive MHD,
on time scales shorter than the global diffusion time scale
[Berger, 1984]. Magnetic helicity is observed in the solar
wind on all scales, from more than 1 AU to less than the
gyro-radius of a thermal proton [Smith, 2000]. In a dy-
namically turbulent medium such as the solar wind, mag-
netic helicity tends to be transported to larger scales and
to be condensed in the longest wavelength mode [see e.g.
Matthaeus, 2000]. In spite of its relevance, the magnetic he-
licity contained in solar ejecta, such as interplanetary flux
tubes, is poorly known.

Solar ejecta transport magnetic helicity from the Sun into
the interplanetary medium. There is observational evidence
showing that the helicity sign in magnetic clouds matches
that of their source regions [see e.g., Bothmer and Schwenn,
1994; Rust, 1994; Marubashi, 1997; Yurchyshyn et al., 2001].
However, in a recent study Leamon et al. [2002] found that
the helicity sign of both objects, MCs and their source,
agrees in only 62% of the analyzed cases, and that the link
can be solar cycle-dependant. In the absence of any theo-
retical interpretation, this lower percentage, when compared
with the aforementioned papers, could simply mean that
we need a more accurate determination of the helicity in
both MCs and in the corona using, at least, one magnetic
model to fit the available data (since in both cases, the data
provide only partial information on the magnetic configura-
tion). For example, a significant fraction of coronal sigmoids
are observed as such because of projection effects or mag-
netic complexity [e.g., Glover et al., 2000], [see also Fletcher



et al., 2001, for a well studied case]; then, the shape of these
sigmoids does not contain enough information on the helic-
ity sign. In the interplanetary space, a magnetic model is
also needed to accurately recover the global magnetic field
structure from one dimensional data. One purpose of the
present paper is to compare various approaches that have
been proposed for the magnetic configuration.

Interplanetary flux tubes or flux ropes, in particular MCs,
frequently present a helical structure, and can be modeled
in a cylindrical geometry [Farrugia et al., 1995] using differ-
ent approaches: a linear force-free field [e.g., Burlaga et al.,
1981; Burlaga, 1988; Lepping et al., 1990], a force-free uni-
formly twisted field [e.g., Farrugia et al., 1999] or, supported
on the possibility of an active role of the plasma pressure,
even a non force-free model. In particular, several non force-
free models have been recently applied to interplanetary flux
tubes; for instance, in situ observations have been compared
to: (i) two axially symmetric models, one with a constant
current density [Hidalgo et al., 2002] and another with an
azimuthal current density depending linearly on the distance
to the axis of the tube [Cid et al., 2002, (ii) a non axially
symmetric model [Hu and Sonnerup, 2001], and (iii) both,
cylindrically and noncylindrically symmetric models [Mulli-
gan and Russell, 2001]. All these models are physically dif-
ferent and it is not yet evident which of them give the best
representation of interplanetary flux tubes. Authors usually
use a given model and method consistently, but a compari-
son between the predictions of these various approaches has
not yet been done.

We analyze here the magnetic configuration of a flux tube
observed by Wind on October 24-25, 1995 [see Figure 1 of
Farrugia et al., 1999]. Preliminary studies of the plasma
and magnetic properties of this flux tube have been done by
Farrugia et al. [1999] and Dasso et al. [2002]. This flux tube
presents a large and smooth rotation of the field and a low
value of the proton plasma beta (8, ~ 0.2 — 0.4), similar to
what can be observed in MCs. However, near the center of
the tube (around at 50% of its size) T, was a factor ~ 10
higher than at regions near its boundaries and, thus, it is not
classified as a MC but rather as a “hot flux tube”. However,
the value of 8, remaines low because the higher tempera-
ture region has a lower density. The total 8 (including the
contribution of electron and alpha particles to the pressure)
is in the range of 0.8 - 1.0 for the entire event.

In this work, we first (Section 2) introduce the magnetic
helicity expression for cylindrically symmetric structures,
and in Section 3 we derive the analytical expressions of the
magnetic helicity for three models. Then, we apply these
expressions (Section 4) to this hot flux tube by fitting the
set of free parameters (for each of the three models) to the
magnetic field data. In each model, the orientation of the
tube is computed using two different methods: first, a mini-
mum variance (MV) analysis, and second, a simultaneous fit
(SF) of all the parameters. We examine which model best
represents the observations, and how model and method de-
pendent the fitted parameters are. We then estimate global
physical properties of the flux rope, specifically, its magnetic
flux and helicity. In Section 5 we give our conclusions.

2. Magnetic Helicity of Flux Tubes

The magnetic helicity (H) of a field B within a volume Vv
is defined by H= f A-B dV, where the vector potential A

satisfies B = V x A. However, the helicity as defined above

is physically meaningful only when the magnetic field is fully
contained inside the volume V' (i.e., at any point of the sur-
face S surrounding V', the normal component B,, = B-n

vanishes). This is so because the vector potential is defined
only up to a gauge transformation (A’ = A + V®), then
H is gauge-invariant only when B, = 0. For cases where
B, # 0 (as can happen on both “legs” of interplanetary flux
tubes), it has been shown that a relative magnetic helicity
(H,) can be defined [Berger and Field, 1984]. This relative
helicity is obtained by subtracting the helicity of a reference
field Byes having the same distribution of B, on S:

H,=H —/ Aver - BrerdV . (1)
A%

H, is gauge—invariant and does not depend on the common
extension of B and Bies outside V', if Axf = Aot X A on the
surface S of V, as was shown by Berger and Field [1984].

The magnetic field of an interplanetary flux tube can be
modeled locally as a straight cylindrical structure with a 2-
component magnetic field B(f) = B (r)(p + B.(r)z. The
reference field can be chosen as Biyer(r ) = B.(r)z (with null
magnetic helicity, since field lines are straight). Using the
condition A X f = Ares X 7t at the cylinder surface, H, per
unit length (L) can be expressed independently of A.er and
Bt as,

R
H,/L= 471'/ AyBy, rdr, (2)
0
where R is the radius of the tube.

3. Three Models
3.1. Linear Force-Free Field

The general static, axially symmetric magnetic field of a
linear force-free configuration (V x B = aB, with a con-
stant) was obtained by Lundquist [1950]. However, it has
been shown that one harmonic of this solution is enough
to describe in situ measurements of interplanetary magnetic
flux tubes at 1 AU [e.g., Burlaga et al., 1981; Burlaga, 1988;
Lepping et al., 1990]. Thus, the field is well modeled by

B = BoJi(ar)@ + BoJo(ar)z, 3)
where J,, is the Bessel function of the first kind of order n, By
is the strength of the field and « is a constant. The magnetic
field lines twist per unit length, 7 = dy/dz = B, /(rB.), is

Ji(ar)

T(r) = rdo(ar)’

(4)

The constant o determines the twist at the flux tube axis,
70 = 7(0) = /2. The two physical parameters fitted are o
and Bp. It is worth noting that we do not force B, to vanish
at the cloud border (as it was done in some previous analy-
sis, [e.g., Lepping et al., 1990]). This allows us to have the
same number of free parameters as in the next two models,
turning the comparisons among them more straightforward.

We obtain the relative helicity for this force-free field from
Eq. (2), taking A = B/a

H, 4nB; [
I = TO/O Jf(ar)rdr

U
(% / SHO) udu) BiR'7o, (5)
0



where v = 279r and U = 279 R are dimensionless quantities.
In the last expression of Eq. (5), we have rewritten H, /L
to emphasize that it has the units of the magnetic flux to
the second power ((BoR?)?) multiplied by a twist per unit
length (79).

3.2. Uniformly Twisted Field

The non-linear force-free field with a uniform twist has
been used to model interplanetary flux tubes [e.g., Farrugia
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Figure 1. The rotation of the tip of the magnetic field

vector in the Bmaz — Bint plane (left) as time proceeds. In
the Bmaz — Bmin plane very low fluctuations of By, are
evident (right). Bmaz, Bint, and Bpin correspond to By,
B,, and B,, respectively.
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Figure 2. BFS” component of the magnetic field (in

Geocentric Solar Ecliptic coordinates) for the flux tube ob-
served on 24-25 October, 1995. Circles correspond to the
observed field (with 5 min. averaging), dash-dotted line to
the Lundquist model, solid line to the Gold-Hoyle model,
and dashed line to the constant current model. Thin and
thick lines correspond to a minimum variance (MV) and a
simultaneous fit (SF), respectively.

et al., 1999]. For this configuration, B is given by Gold and
Hoyle [1960],

BobT‘ o~

Bo
1 +b27‘2¢ +

1+ b2r2

B= z. (6)
In this magnetic configuration, the amount by which a given
line is twisted is independent of r:

T(r)=710=0b. (7)
The two physical parameters fitted are b and By.
From Eq. (2), and
- By 2 2y~  Bo 2,2\
A= In(1 — —1In(1
(40— (14 0E,(8)

| the relative helicity turns out to be

wB}

= [In(1 + b R2)?
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Figure 3. Idem as Fig. 2 for B9,

A N T AL
Time after 21:00 UT Oct 24, 1995 (Hours)

Figure 4. Idem as Fig. 2 for BZ5”



Table 1. Geometric and physical parameters fitted for the hot flux tube. The first three rows show the results for
the orientation given by the minimum variance (MV) method, while the last three correspond to a simultaneous
fit (SF), where both the geometrical and physical parameters are fitted to the data. L, G, and H refer to the
Lundquist, Gold Hoyle, and Hidalgo et al. model, respectively. The geometrical parameters are: the angle ()
between the ecliptic plane and the axis of the tube, the angle (¢) between the direction of the y unit vector of
GSE and the projection of the flux-tube axis on the ecliptic plane (see text), the flux tube radius (R), and the
impact parameter (p) measured in units of R. The two physical parameters of the models are: the twist per unit
length (79) and the intensity of the field (Bp), both at the center of the tube. The quality of the fit is given by
the square root of x2. Finally, we give the estimated magnetic flux (F), see Section 4.4, and the magnetic helicity

per unit length (H,/L) and per unit volume (H,/V).

Model- [} 103 R p/R 70 By /X2 F H,/L H, |V
Method | deg deg 1072AU AU™! T nT |1072nT AU2 | 103nT2AU% 10~ 1nT2AU
L-MV |-30.3 51.2 3.2 0 | 324 7.3 135 | 1.3 | 1.3 4.2
G-MV |-30.3 512 3.2 0 | 438 7.6 1.36 | 1.3 | 1.2 3.9
H-MV | -30.3 51.2 3.2 0 | 177 9.2 1.82 | 1.0 | 1.1 3.6
L-SF | -34.1 52.6 3.2 0.08 | 32.0 7.3 1.31 | 1.3 | 1.4 4.3
G-SF  |-34.6 52.0 3.3  0.08| 43.2 7.6 1.33 | 1.4 | 1.4 4.1
H-SF | -39.6 44.0 3.8 0.26 | 13.2 10.7 1.70 | 1.6 | 2.2 5.0
8m[ln(1 + U?/4)]? ;
— BSR47'0, (9) Waves Farrugia et al., 1998; Dasso et al., 2003], and be-
v cause we are interested only in large scale field changes, we

where U = 279 R as in the previous model.

3.3. Constant Current Field

A non force-free model has been recently proposed by
Hidalgo et al. [2000] and Hidalgo et al. [2002] to describe
interplanetary structures. This model assumes a constant
current density such as j(F) = j, @ + j.z, where j, and j,
are constants. Thus, the magnetic field of this configuration
is obtained as

B = Boror@ + Bo(1 — r/R)Z, (10)
where By = pojeo R is the maximum field at the center of
the tube, and 79 = j./(2j, R) measures the twist at the flux
tube axis. The magnetic field lines twist per unit length, is:

2jo(R—7r) 1—7/R’

7(r) (11)
The two physical parameters fitted are j, and j,, but for
comparison with other models we rather give the corre-
sponding 19 and By values.

Next, from Eq. (2), and

= ~ B ~
A=2"Rs2—rs3)5 - Borp?s, (12)
R 2
the relative helicity results,
Trud . n
H,/L = GOOJWR"’ = %B(%R‘l‘ro. (13)
4. Results

4.1.

We apply the analytical results derived in the previous
section to the hot tube observed by Wind from October 24,
1995, 21:00 UT to October 25, 1995, 06:00 UT. The 1.5 min
resolution magnetic data have been downloaded from the
public site: http : //cdaweb.gsfc.nasa.gov/cdaweb/istp —
public/. In order to remove small scale phenomena [e.g.

Data and method used

smoothed the dataset and we present results for ~ 5 min av-
eraged data, such that the whole event includes 100 points.
We obtain comparable results using the original data di-
rectly (see at the end of Section 4.4).

We first determine the orientation of the flux tube from
a minimum variance (MV) analysis of the magnetic obser-
vations [Sonnerup and Cahill, 1967]. The method finds the
direction (i) in which the mean quadratic deviation of the
field, < (B-fi— < B-# >)? >, is minimum (maximum). Tt
is possible to show that this is equivalent to find the eigen-
vector corresponding to the smallest (highest) eigenvalue of
the covariance matrix M;; =< B;B; > — < B; >< B; >.
When the minimum distance from the spacecraft to the axis
of the flux tube is close to zero, and assuming a nearly cylin-
drical flux tube, the largest (resp. smallest) change of B
comes from its B, (resp. B,) component. Thus, this MV
method determines the direction of the maximum (), inter-
mediate (%), and minimum (7) variance of the field. A more
complete discussion of this method applied to interplanetary
flux tubes is given in the appendix of Bothmer and Schwenn
[1998].

In our event, we find a well-defined direction for the prin-
cipal axis of the tube (corresponding to the intermediate
eigenvector) with an intermediate to minimum eigenvalues
ratio of ~ 11 (so that the field has clearly a different behavior
in both directions). Then, with the MV method we define
the orientation of the flux tube as defined by: the angle (6)
between the ecliptic plane and the axis of the tube, such
that when # = 490° the magnetic field along this axis is
aligned with the z unit vector of the GSE (Geocentric Solar
Ecliptic) coordinates, and the angle (¢) between the direc-
tion of the y unit vector of GSE and the projection of the
flux-tube axis on the ecliptic plane, measured counterclock-
wise. In this approach, the spacecraft impact parameter, p,
is not determined and we set it equal to zero, noting that
the large angle rotation of the field (~127°, see Figure 1)
indicates that p/R should be small. Then, the MV coordi-
nates have been used to obtain the two physical parameters
(70, Bo) that best fit the observations for the three models
given in Section 3.

Furthermore, to test the validity of the MV method and
to determine the impact parameter, we have simultaneously



fitted (SF) the tube orientation, p, and the two physical pa-
rameters (for each model) using the observed field in GSE [as
described in Hidalgo et al., 2002]. The least-square fitting
has been done in all cases using the standard Levenberg-
Marquardt routine [Press et al., 1992].

4.2. Comparison of the fitting quality

Figures 2-4 depict the three GSE components of the mea-
sured magnetic field, together with the curves obtained from
each model. From Figures 2-4 and the values of \/)? (see
Table 1), we find, as expected, that when a simultaneous
fitting (SF) is done a slightly better quality fit than with
the MV method is obtained for all three models. The linear
force-free field (L) and the uniform twist (G) models fit the
observations equally well (with only ~ 1% difference in the
value of \/)? ). So, we cannot discriminate between the two
force free models despite the fact that their twist distribu-
tion is very different (larger at the border of the flux tube
for model L, compared to a uniform distribution for model
G, see Equations (4) and (7)).

However, according to the \/)? value obtained for the
constant current model (H), which is larger by ~ 30 — 35%
with both methods (MV and SF), the model H is signif-
icantly farther from the observations than both force-free
models. It is worth noting that, in the case of model H, a
triangular profile is present for the magnetic field computed
along any linear orbit that crosses the center of the tube
(i-e., zero impact parameter). This direct consequence of
the model is reflected in Figures 2-4. However, it is pre-
mature to conclude from this local feature, and from our
results in a particular case, that model H is less represen-
tative of the observations of interplanetary flux tubes than
some other model.

4.3. Analysis of the results

The orientation of the tube with the MV method is such
that § ~ —30° and ¢ ~ 51°. 8 is modified by ~ 4° and ¢
by ~ 1° when the SF method is used with the best quality
models (the two force-free models, see Table 1). A much
larger change (~ 8 —10°) is present with model H. This im-
portant change in the orientation has consequences in the
values of all fitted parameters (see Table 1).

With the SF method, the flux tube radius changes at most
by 3% compared to its value deduced with the MV method
(excluding the H-SF case). The impact parameter is only
8% of R with both force-free models. This result justifies, a
posteriori, setting p to zero in the MV method.

The twist, 79, per unit length at the tube center is found
to be in the range ~ 20 — 40 AU™! showing that the flux
tube is significantly twisted along its length (with a typi-
cal length of ~ 1 AU, the central part has between 3 and 6
turns). Comparing the MV and SF methods, we find only
~ 1% difference on 7o for a given force-free model. However,
it is worth remembering that the twist distribution in the
flux tube is strongly model dependent (compare Eq. (4),
(7), (11)). This implies that the obtained values for 70, a
local quantity, are not directly comparable between differ-
ent models; a pertinent comparison can only be done with a
global quantity, such as the magnetic helicity (see next sec-
tion). It follows that it is logical that 7o is higher in model
G, where the twist is uniformly distributed, while in the two
other cases, it is concentrated at the periphery of the flux
tube.

The central field strength, By, is also well determined;
the results are very close with the MV and SF methods

and we find only 4% difference between the two force-free
models (see Table 1). The field strength By lies in the in-
terval 7.3 — 7.6 nT, more than 7 times the mean variation
obtained when the data and the fitted models are compared
(\/)7 ~ 1.3 nT). The largest variations, ~ 20% — 40%, are
obtained for model H with both methods.

4.4. Magnetic flux and helicity

From the fitted model parameters, we can derive global
physical quantities. One is the magnetic flux, F', of B, (i.e.,
across a section of the flux tube orthogonal to z). The flux
has a narrow range of values in the force-free cases (fourth
block of columns in Table 1), F ~ (1.3—1.4) x 10~% n'T AU?,
but it changes by ~ +20% for model H in both, MV and
SF, methods.

Another global quantity of interest is the relative mag-
netic helicity H,. The observations provide data only along
one direction of the MC; however, assuming a cylindrical
model, we can derive global quantities per unit length and
per unit volume. In the last block of columns in Table 1 we
show H, results per unit length (Egs. (5), (9), (13)) and
divided by the tube volume (V = wR?L). The magnetic
field of the flux tube is right-handed so H, is positive.

In the force-free cases, H,/L agrees within +10% and
H,/V within 5% around their mean values, considering
both methods. With the constant current model, the differ-
ences found in the obtained parameters (Bo, 70, and R) are
amplified in the helicity results (since H, has a non-linear
dependence on these parameters, see Equation (13)). The
difference in H, /L with the force-free values can be up to
60%, while it stays below 20% for H,/V. However, as the fit
is significantly less good with model H, we will only consider
the force-free results.

When the full (1.5 min) resolution data are used, we find
that 6, ¢, R, 1o, Bo, x*, and H,/V differ by less than ~ 4%;
while F', p, and H, /L in less than ~ 10%, except p in model
G for the simultaneous fit, which gives p/R = 0.05. So, as
expected, the small scale features have a small effect on the
derived global values.

5. Conclusion

Transient solar ejecta have their origin in an instability of
the solar coronal field. The magnetic field ejected from the
Sun is, theoretically, expected to carry the magnetic helicity
of the original solar source, and to appear as an interplan-
etary twisted magnetic flux tube. In order to quantify this
link and to better determine the physical characteristics of
the solar source region, global quantities, such as the mag-
netic flux and helicity, are needed. The determined mag-
netic flux can be compared with the magnetic flux of the
coronal region where evidences of field expansion are seen
(such as the presence of transient coronal holes). The mag-
netic helicity is also a useful quantity, because it is conserved
and because techniques to measure both coronal values and
photospheric fluxes are presently being developed [see e.g.,
Chae, 2001; Moon et al., 2002; Nindos and Zhang, 2002;
Démoulin et al., 2002; Green et al., 2002].

We analyzed one example of solar ejecta, quantifying the
physical quantities in the interplanetary flux tube observed
by Wind on October 24-25, 1995. The measured magnetic
field components of the structure have been fitted using two



different methods: minimum variance (MV) and simultane-
ous fitting (SF), and three different models: a linear force-
free field (L), a uniformly twisted (G), and a constant cur-
rent field (H). For this particular flux tube, we find that
both force-free models give a significantly better fit to the
observations than the constant current model. However, we
presently do not know if this is a general characteristic of
interplanetary flux tubes and the present analysis needs to
be applied to more cases.

Considering only the force-free cases, we find a very close
agreement between the results for the MV and SF meth-
ods. For example, the flux tube orientation is determined
within a 4° range, the radius R with 3% difference, and the
field strength By, with only 4% difference (see Table 1 and
Section 4.3).

Despite important variations in the distribution of the
twist assumed by the two force-free models, we are unable to
select between them. The twist per unit length around the
central part of the flux tube differs by ~25%, when a given
method is taken. Indeed, it is more relevant to compare the
twist value averaged on the flux tube cross section, such as
given by the magnetic helicity. We find only a +10% varia-
tion around the mean in the derived helicity per unit length
(H,/L), and £5% when it is taken per unit volume (H,/V),
considering both methods. Another well determined global
quantity is the magnetic flux, F' (defined in Section 4.4), we
find a +8% variation around the mean value in this case.

The case studied here is an example. Our next step is to
extend our analysis to a large set of interplanetary manifes-
tations of solar ejecta, in particular MCs.
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