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Shell models of MHD turbulence 
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MHD GOY model 
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Additional quadratic invariant in 2D 
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Application to RMHD turbulence (Nigro et al. 2004) 
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• Coronal heating (Nigro et al. 2004, Buchlin & Velli 2007) 
• Weak / Strong turbulence (Verdini & Grappin 2012) 
• Sub-Alfvénic solar wind spectrum (Verdini et al. 2012) 
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Additional quadratic invariant in 3D 
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HU (and HB) « presents an asymmetry between odd and even 
shells that does not have any counterpart in physical flow » 
Biferale & Kerr (1995) 
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Additional quadratic invariant in 3D 
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Two ways to define appropriate helicities: 
 
1. Take more terms in 

 
 
 
 
 

2. Introduce helical modes 

⇒ Helical L1 model 

⇒ Helical L2± model 



Helical L1 model 

=> Application to magnetic / cross helicity spectra  
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Mizeva et al. (2009) 



Influence of magnetic helicity injection 

Helical L1 model 

Inverse cascade of magnetic helicity 



Influence of cross-helicity injection 

Helical L1 model 

⇒ similar to geometrical alignement in real MHD 



Free-decay for several cross / magnetic helicity initial conditions 

HC(t=0)=HB(t=0)=0 HB(t=0)≠0 

HC(t=0)≠0 HC(t=0)≠0 
HB(t=0)≠0 

Helical L1 model 



Free-decay 
128 realizations with HC/E(t=0) < 10-4 

Total E HC/ E 

Helical L1 model 

Where does cross-helicity come from ? 



Free-decay 
128 realizations with HC/E(t=0) < 10-4 

Helical L1 model 

From dissipation ! 
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Additional quadratic invariant in 3D 
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Two ways to define appropriate helicities: 
 
1. Take more terms in 

 
 
 
 
 

2. Introduce helical modes 

⇒ Helical L1 model 

⇒ Helical L2± model 



Helical L2± model 







−−=

+−−=
•

±±±±

±±±±±

nnnnnt

nnnnnnt

BkUBWBUWBd

FUkBBWUUWUd
2

2

),(~),(~
),(~),(~

η

ν

( )∑
±=

=

± =•
N

ss
ji

s
j

s
i

ss
ijnn YXakYXW

1,
1,

*

21

2121),(~

∑ 




 −= −+

n
nnn

U UUkH
22

∑ 




 −= −+−

n
nnn

B BBkH
221

∑ 




 +=Ξ −+

n
nnn UUk

222 ∑ 




 += −+−

n
nnn BBkA

222

HD MHD 

 
2D 

 
3D 

Biferale & Kerr (1995) 
Benzi et al. (1996) 

=> Application to helicity spectral flux in HD 



Helical L2± model 
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• For 2D turbulence GOY model are OK 
 

• For 3D turbulence helical models are better 
   to account for helicities (spectra, flux, etc) 

 
• For both 2D and 3D, ± helical models are 

richer, and have a better behavior in 
presence of applied field or rotation 

 
=> Why not using a RMHD ± helical model 
for Solar wind turbulence ? 

 

Conclusion 



Thank you 
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